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Introduction
Left-handed media (LHM) were introduced by Veselago [1] as materials with simultaneous negative permittivity and permeability. However, no such materials have been found in Nature. In 1999, Pendry et al [2] proposed the split ring resonator (SRR) as a basic constituent of artificial negative permeability media. After this seminal work, Smith et al [3] manufactured the first artificial LHM by superposing SRRs and metallic wires which provide negative permittivity. Later, Shelby et al [4] demonstrated experimentally negative refraction, previously predicted by Veselago. Veselago's analysis of the focusing properties of LHM was continued by Pendry [5] , who showed that a left-handed slab of ε/ε 0 = µ/µ 0 = −1 will act as a 'perfect lens' producing perfect sub-wavelength imaging. This behaviour was explained by means of amplification of evanescent waves inside the left-handed slab. This idea was experimentally demonstrated by Grbic and Eleftheriades [6] in an analogous planar microwave circuit and by Lagarkov and Kissel [7] in an anisotropic planar slab. Amplification and tunnelling of evanescent waves have been also experimentally demonstrated in a rectangular waveguide loaded with a left-handed slab [8] . Since the fundamental electromagnetic mode in a rectangular waveguide is the superposition of two symmetrical plane waves [9] , those results can be directly applied to the study of amplification and tunnelling of plane waves in left-handed slabs surrounded by free space. In addition, since isolated evanescent modes can be easily excited in a waveguide, a considerable simplification of the analysis is obtained.
There are some practical limitations for obtaining sub-wavelength resolution using a left-handed slab. It was shown in [10] - [12] that losses and dispersion affect the resolution dramatically. Reduction of losses and dispersion effects in these devices is thus a key issue from a practical standpoint. In 2001, Shamonina et al [13] suggested to use a distributed metamaterial (or multilayered metamaterial) in order to reduce these unwanted effects. A practical realization of this idea at optical frequencies was proposed by other authors [14, 15] : a layered stack of thin dielectric and metal slices. However, to the best of our knowledge, this idea has not yet been applied to a system made of SRRs which allows us to design devices in a wide range of frequencies. The main aim of this paper is to study the usefulness of multilayered metamaterial structures for enhancing the tunnelling of power in the waveguide configuration analysed in [8] . Firstly, a systematic analysis of losses and dispersion effects on the tunnelling through the waveguide filled with a multilayer stack of isotropic LHM and vacuum slices will be considered.A clear connection with the sub-wavelength focusing by a LHM slab will be highlighted. Secondly, the isotropic LHM will be substituted by an anisotropic magnetic medium obtaining a similar behaviour. Finally a practical realization of this last idea using broadside coupled split ring resonators (BC-SRRs) [16] will be proposed and analysed through numerical simulations.
Analysis of perfect tunnelling
An example of a structure exhibiting tunnelling effect is shown in figure 1 (a). The figure shows a hollow waveguide section below cutoff (a < λ 0 /2), sandwiched between two semi-infinite propagative waveguides with the same transversal dimensions. Input and output sections are filled with dielectric of permittivity higher than ε 0 to allow energy propagation. Transmission through the middle section decreases when its length increases, due to the exponential decay of the electromagnetic field in the 'in cutoff' waveguide section. To calculate the transmission shown in figure 1(b), the incident wave is assumed to be the fundamental mode TE 10 , and typical boundary conditions at transitions have been imposed. Note that no other modes are excited at the transitions, since all sections have the same transversal dimensions. Therefore, the field distribution within each section is described by:
where the propagation wave number is
It is apparent from figure 1(b) that transmission in this device is very low. However, it was shown in [8] that it can be substantially enhanced by filling the waveguide with LHM as in figure 2(b). In that paper it was also shown that losses and dispersion forbid complete transmission. However, quasi-perfect tunnelling can be achieved when they are small. In order to reduce the effect of losses, multilayer metamaterial configurations (see figure 2 ) will be analysed. As in the previous example, the fundamental mode will also be considered here. The transmission and reflection coefficients, T and R, of these devices can be easily obtained by cascading the transmission matrices of discontinuity interfaces, Z ij , and propagation through the sections, T i , as was done in [9] : where
where Z i is the impedance and α i the attenuation constant of the fundamental mode in the ith section. In figure 2 , the striped regions represent waveguide sections filled with left-handed material of µ/µ 0 = ε/ε 0 = −1, whereas the white regions stand for empty waveguide sections. These sections are sandwiched between two propagative waveguides filled with dielectric (ε/ε 0 = 2 in our example). In figure 2 , zeroth-, first-, second-, third-and mth-order structures are shown. The number of metamaterial-vacuum interfaces is 2 m . Total length of all structures, l, is constant and the length of sections is d = l/(N − 1) for S 2 , S 3+ , . . . S N−1 , and d/2 for S 1 and S N . With these dimensions and characteristic medium parameters, the perfect tunnelling conditions are satisfied, since the impedances of all inner regions (from S 1 to S N ) are matched and the optical path is zero. Field amplitudes for the zeroth (figure 2(a)) and first (figure 2(b)) -order structures are shown in figure 3 , where perfect tunnelling can be observed, i.e. |T | = 1. From this point of view, all structures from the proposed sequence show the same behaviour. However, the field distributions along the structures are different. Figure 3 shows that there are maxima in the field amplitude in the position of each LHM-vacuum interface. The figure also shows that the value of these maxima decreases when the total number of interfaces increases. To see this fact more clearly, the field amplitudes for the first four structures of figure 2 are plotted in figure 4. Curves form a fractal object, and it is clear that the field amplitude converges to a constant value when the number of transitions tends to infinity. It has been already mentioned that perfect tunnelling degrades in lossy metamaterials [10] − [12] . Since the power lost within the structure is directly proportional to the squared field amplitude, it can be concluded that losses will decay when the metamaterial is distributed in more layers [13] - [15] . Since the field amplitude converges to a nonzero value for the structure of infinite order, there exists a limit in losses different from zero. This point will be discussed in detail later. Now, analytical solution for the mth-order structure without losses will be presented, showing the convergence of the field amplitude. The field distribution within each inner region 6
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where α 2 = (π/a) 2 − (ω/c 0 ) 2 is the squared attenuation constant in each waveguide section, Z = −iω µ 0 /α is the TE 10 waveguide impedance, and i = 1, . . . , N is the index standing for each waveguide section. In the second equation of (6) plus sign is used for hollow regions and minus sign is used for regions filled with the metamaterial (with ε/ε 0 = µ/µ 0 = −1). Note that all inner waveguide sections are in cutoff, thus the attenuation constant is purely real. In the input waveguide section it can be assumed that
where β 2 = ω 2 εµ − (π/a) 2 is the squared propagation constant and Z 0 = ωµ 0 /β is the impedance of the input and output waveguides. Similarly, the field distribution within the output waveguide is assumed to be:
Coefficients in (6)-(8) are determined from the boundary conditions at the transitions. It is readily found that C i 1 = B exp(−αd/2) and C i 2 = A exp(αd/2) for any metamaterial region as well as that C i 1 = A exp(−αd/2) and C i 2 = B exp(αd/2) for all vacuum regions, except of the last one, where C N 1 = A, C N 2 = B. Coefficients A and B are given by A = T(Z + Z 0 )/(2Z 0 ) and B = T(Z 0 − Z)/(2Z 0 ). From these equalities, it follows that the transmission and reflection coefficients are R = 0 and T = 1. In the limit when the number of interfaces becomes infinite (d → 0), it is clear from (6) that the field amplitude tends to the limit E y → sin(πx/a).
Two main conclusions arise from the above results. Firstly, for all structures in figure 2, all power is transmitted and there is no phase shift between the input and the output. Thus the tunnelling is 'perfect', since the incident wave is just copied from the input to the output without any reflection. Therefore the effective phase velocity in the effective medium is infinite. The second conclusion is that the field amplitude inside the in cutoff regions decreases when more metamaterial regions are introduced, and that it converges to a z-independent function when the number of regions tends to infinity. This last result can be somewhat expected from the well known fact that a periodic multilayer structure inside a waveguide behaves as an equivalent medium having an effective dielectric constant equal to the mean value of that of the layers, if their widths are small [9] . In our case, the multilayer structure can be considered as a one-dimensional realization of the 'nihility' concept previously introduced by Lakhtakia [17] , which involves a medium with ε/ε 0 = µ/µ 0 = 0. It is clear that in such a medium, the phase velocity-if it has some sense-should be infinite. The attenuation constant should also be zero in such media. It is worth noting that, in spite of the fact that electromagnetic waves cannot propagate through such media [18] , it has been shown that tunnelling of power is possible. This fact can be related to the aforementioned result of zero phase constant (and, therefore, zero attenuation constant too), and to the fact that the impedance in such a null medium is undetermined.
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Table 1 . Normalized transmitted power P t /P i through the structures of figure 2. Values of metamaterial characteristic parameters are ε/ε 0 = µ/µ 0 = −1 + δ. Width of the waveguide is a = 2.4 cm, total length is l = 6 cm and operating frequency is f = 5 GHz.
Order
Normalized transmitted power P t /P i 
Losses and dispersion effects
In order to study the effects of losses and dispersion, relative permittivity and permeability of the metamaterial will be assumed in the form ε/ε 0 = µ/µ 0 = −1 + δ, where δ = δ + iδ is a complex number, and δ > 0 represents the losses in the metamaterial. Numerical values of normalized transmitted power, P t /P i = |T | 2 , for several values of δ are shown in table 1 for the first six terms of the sequence of structures from figure 2. A cascade of transmission matrices similar to (3) was used to compute those transmission and reflection coefficients. From table 1 it is apparent that the transmitted power increases and converges to a constant value when the order of the structure increases. This constant value is close to one, so the transmission is quasi-perfect, for small values of δ. A similar computation has been made for the reflected power showing that reflections can also be reduced by this method. For high values of d, the impedance mismatch inside the structure becomes high. Thus, transmission is lowered and reflection is raised. For this reason the values for δ = 0.1 and for δ = 0.1i converge to a low value in comparison with unity. Until now, all computations were made for normalized transversal wave number k t /k 0 = λ 0 /(2a) = 1.25. In the following, the influence of the ratio between the free-space wavelength and the waveguide width a will be investigated. When a is very small, the behaviour of input and output sections turn from propagative to evanescent. Since this fact could cause some confusion, the reference planes will be moved infinitesimally into the regions 1 and N to eliminate the matrices Z 0,1 and Z N−1,N from (3). In figure 5 , similar computations to those in table 1 are shown for a wide range of k t /k 0 . Instead of transmitted power through the structure, the deviation factor F = |1 − T | is depicted. Values of F ≈ 0 mean that |T | ≈ 1 and that the phase of T is approximately zero, i.e. that the input and output signals are approximately equal. The deviation factor is now computed for the first, second and third order of structure and it is depicted in figure 5(a) for several values of δ . Note that the region k t /k 0 < 1 means propagative waves, while k t /k 0 > 1 means evanescent waves. It can be seen that there is a cutoff in the transverse wave number, such as the deviation factor is approximately one for values of k t /k 0 higher than this cutoff. For instance, for the solid line (third-order structure) in figure 5(a) , the deviation factor is smaller than 0.1 when k t /k 0 = λ 0 /(2a) goes from zero to four, while for higher values of k t /k 0 the deviation factor is bigger. Thus, the cutoff is approximately at k t /k 0 = 4 (or a = λ 0 /8). The Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 5 . Deviation factor versus transversal wavevector for the first-(· · · · · · ·), second-(-----) and third-order (--) structures. Parameters of metamaterial filled sections are: (a) ε/ε 0 = µ/µ 0 = −1 + 0.01i; (b) ε/ε 0 = µ/µ 0 = −0.99. peak at k t /k 0 ≈ 1 can be easily explained since, at this point, 'in cutoff' sections are close to the cutoff frequency and the overall transmission is very low. In figure 5(b) , the factor F for several deviations in the real part of permittivity and permeability is depicted. Similar cutoff in the transversal wave vector is observed, but additional peaks appear which are related to excitation of surface plasmons at the interfaces.
There is a second interesting interpretation of figure 5 . It is well known that the fundamental mode of a waveguide is equivalent to the superposition of two symmetrical plane waves with the same k z and k t = ±π/a. This decomposition is valid even when k z is an imaginary number, as happens in the 'in cutoff'sections. Therefore, the results in figure 5 , calculated first for waveguide configurations, are applicable to the study of a multilayer metamaterial slab in free space and analysis of its focusing properties. The above-mentioned cutoff in k t is proportional to the inverse of resolution. It is easy to see in figure 5 that the resolution of lossy and dispersive slabs is better when the number of slices is bigger, as was previously suggested in [14, 15] .
Realistic devices with SRRs
In the text above, tunnelling enhancement was theoretically shown through a waveguide filled with isotropic left-handed material. Now, a practical realization of quasi-perfect tunnelling using anisotropic media will be analysed, and the same idea of distributing the metamaterial will be used to reduce the losses and dispersion effects. To this point assume a waveguide filled with anisotropic media with µ yy = µ zz = µ 0 , µ xx < 0 and ε xx = ε zz = ε 0 , ε yy > ε 0 . It follows from Maxwell's equations that the square of attenuation constant and the wave impedance for the fundamental mode of this waveguide are given by
A complete demonstration of these expressions can be found in [20] . If µ xx < 0, the first equation in (9) shows that propagation of electromagnetic waves along this waveguide is only possible for ω < ω c , where ω c = π/(a √ ε yy µ 0 ). In contrast, if ω > ω c the waveguide is in cutoff and only evanescent modes can be excited. This reflects the anti-cutoff [20] properties of the medium filling the waveguide (note that the empty waveguide is in cutoff for ω < ω 0 c , ω 0 c = π c 0 /a). If now the left-handed media in structures from figure 2 are substituted by this anisotropic metamaterial and if this medium has a dielectric permittivity ε yy > ε 0 , it is possible to find a width of the waveguide a for which the metamaterial and hollow waveguide sections are simultaneously in cutoff.
In order to obtain such kinds of anisotropic media, BC-SRR will be used as the elementary unit. Its parameters are shown in figure 6(a) . The permeability of this medium is assumed in the form of the Drude-Lorenz model:
where δf is the frequency band of negative permeability and f 0 is the resonance frequency.
To estimate the parameters of the model, the setup shown in figure 6(b) was simulated using the commercial simulator CST Microwave Studio. The figure shows a BC-SRR loaded waveguide, sandwiched between two propagative waveguides filled with a dielectric. The calculated transmission coefficient is depicted in figure 7 . Since the cutoff frequency of input and output waveguides is 4.0 GHz, the cutoff observed at 4.5 GHz belongs to the section filled with metamaterial. However, the cutoff of the hollow waveguide is at 6.3 GHz. This can be explained by introducing an effective permittivity ε yy ≈ 1.93ε 0 for the BC-SRR medium. Besides, the transmission curve shows a stop-band between 5.3 and 5.9 GHz. Inside this frequency range, µ xx < 0 and the waveguide is in cutoff (anti-cutoff behaviour), as can be understood from equation (9) . From this last frequency band, the bandwidth is δf = 0.5 GHz and the resonance frequency is f 0 = 5.3 GHz. These numerical values are in agreement with others obtained experimentally in [8] .
In figure 8 , the BC-SRR based structures analogous to the zeroth-and the first-order structures in figure 2 are shown. The metamaterial filling the waveguide is made of an array of BC-SRRs, as is shown in figure 8 . The size and periodicity of the BC-SRRs correspond to figure 7 . Therefore, the values of the parameters of the medium can be assumed as they were calculated in the previous paragraph. Using these values, the ratio between the lengths of the metamaterial filled waveguide and the hollow waveguide sections, needed for achieving a 'perfect tunnelling' of power, is determined following the method reported in [8] . Unlike in figure 2, this computation leads to a value of ∼2 for the ratio of the total lengths of the hollow waveguide sections and the metamaterial-filled sections. Thus, the aforementioned structures look as those depicted in figure 8 .
The transmission coefficients for the structures shown in figure 8 have been computed by using the simulator. Theoretical results have been obtained by assuming the aforementioned continuous medium model for the BC-SRR metamaterial, and by cascading the corresponding analytical transmission matrices along the structure ( just as in (3)). These results are shown in figure 9 for the lossless case, and in figure 10 for the more realistic case of lossy BC-SRRs made with copper. Clear transmission peaks appear in the frequency band of interest (from 5.3 to 5.9 GHz, where µ xx < 0). In the lossless case, both peaks correspond to almost 'perfect tunnelling' (|T | = 1), but the amplitude of these peaks is reduced when lossy metal is used ( figure 10 ). However, this reduction is less important for the first-order structure than for the zeroth-order structure. This fact was expected because the field magnitude is lower when the metamaterial is divided into several regions, so the dissipated energy is also lower. To check this idea, the field amplitude along the analysed structures at frequency of the aforementioned transmission peaks has been also computed using the simulator. The averaged field amplitude along the middle plane y-z of the waveguide is shown in figure 11 . These results clearly show that the field amplitude is smaller in the first-order structure than in the zeroth-order one, as was predicted. Besides, the field amplitude was also calculated analytically by solving Maxwell's equations inside the waveguides, considering that the metamaterial sections were filled with the aforementioned continuous magnetic medium. The agreement between theory and simulations is actually noticeable showing the accuracy of the proposed design for the realistic implementation of multilayer 'perfect tunnelling' structures. 
Conclusion
In this paper, the behaviour of multilayer metamaterial 'perfect tunnelling' structures was analysed using a rectangular waveguide configuration. These structures have been theoretically analysed by means of a multilayer left-handed/right-handed configuration. It has been shown that the use of multiple layers leads to a significant reduction of losses and dispersion effects. The analysis also shows that there is a limit in the input/output power ratio (that corresponds to the configuration with infinite number of layers), to which this quantity converges rapidly when more layers are added to the structure (while keeping constant the total length of the tunnelling region). In the limit of infinite layers, a one-dimensional realization of the nihility concept is obtained. In this limit, the phase and the amplitude of the field are both constant along the 'in cutoff' region. This result can be put in relation with the theoretical properties of null media: zero phase and attenuation constants and indefinite impedance.
A realistic implementation of the analysed structures has been proposed. This design uses the well-known resonant and magnetic polarization properties of BC-SRRs. In this structure the isotropic LHM was substituted by anisotropic uniaxial magnetic medium, with negative magnetic permeability along its optical axis. The behaviour of the proposed configuration has been simulated by using a commercial electromagnetic solver. These simulations have shown the presence of the aforementioned effects, not only qualitatively, but also quantitatively. Thus, we feel that the reported results open the door to the realization of multilayer 'perfect tunnelling' structures made of artificial microstructured metamaterials.
